Abstract. In this paper we obtain new characterizations of the uniformly convex and smooth Banach spaces. These characterizations are established by using L p -boundedness properties of Littlewood-Paley functions and area integrals associated with heat semigroups and involving fractional derivatives. Our results apply for instance by considering the heat semigroups defined by Hermite and Laguerre operators that do not satisfy the Markovian property.
Introduction
It is a well known fact that the geometry of Banach spaces is closely related to vector valued harmonic analysis. We study in this paper some questions concerning to this connection. Our problems are included in the following general context. Suppose that (Ω, µ) is a measure space and T is a bounded operator from L p (Ω) ≡ L p (Ω, µ) into itself, where 1 < p < ∞. We can think that T is, for instance, a bounded singular integral in L p (R n ). By B we denote a Banach space. The question is if the operator T can be extended to the Böchner Lebesgue space L p (Ω, µ; B) as a bounded operator from L p (Ω, B) ≡ L p (Ω, µ; B) into itself. If the answer to the last question is not affirmative for every Banach space B, then the objective is to describe (geometric) properties that characterize those Banach spaces B for which T can be boundly extended to L p (Ω, µ; B). The Banach space B such that the Hilbert transform H in R can be extended to L p (R n , B) as a bounded operator from L p (R n , B) into itself with 1 < p < ∞, were characterized by Bourgain ([10] ) and Burkholder ([12] ) (see also [29] ) as those ones that satisfy the UMD (Unconditional Martingale Difference) property or, equivalently, those ones that are ζ-convex ( [11] ). Other characterizations of UMD Banach spaces by using L p -boundedness properties of singular integrals and multipliers were established in [2] , [4] , [5] , [17] , and [38] .
Our results concern to uniformly convex and smooth Banach spaces. We now recall definitions (see [21] for details). Let B be a Banach space. The modulus of convexity of B is defined by δ B (ε) = inf 1 − a + b 2 : a, b ∈ B, a = b = 1, a − b = ε , 0 < ε < 2.
The modulus of smoothness of B is given as follows ρ B (t) = sup a + tb + a − tb 2 − 1 : a, b ∈ B, a = b = 1 , t > 0.
Here · denotes the norm in B.
We say that B is uniformly convex when δ B (ε) > 0, for every 0 < ε < 2, and that B is uniformly smooth when lim t→0 ρ B (t)/t = 0. If q > 1, B is said to be q-uniformly convex (respectively q-uniformly smooth) provided that there exists C > 0 such that δ B (ε) ≥ Cε q , 0 < ε < 2 (respectively, ρ B (t) ≤ Ct q , t > 0). The notions of martingale type and cotype of a Banach space were introduced by Pisier ( [26] and [27] ). We say that B has martingale cotype (respectively, type) q, when there exists C > 0 such that for every martingale (M n ) n∈N on a certain probability space with values in B
E M n − M n−1 q + E M 0 q ). Here E denotes, the corresponding expectation. We recall that if B has martingale cotype (respectively, type) q, then 2 ≤ q < ∞ (respectively, 1 < q ≤ 2). If M = (M n ) n∈N is a martingale on some probability space with values in B and 1 < q < ∞, the q-square function S q (M ) of M is defined by
The square function S q allows us to characterize the q-uniformly convex and smooth Banach space ([28, Theorem 4.51 and 4.52]). The Banach space B is of martingale cotype (respectively, type) q if, and only if, for every 1 < p < ∞ (or, equivalently, for some 1 < p < ∞), there exists C > 0 such that, for every L p -martingale M with values in B,
We define, for every f ∈ L p (R n ), 1 ≤ p ≤ ∞, and t > 0,
t n/2 f (y) dy, x ∈ R n , and
f (y) dy, x ∈ R n .
{W t } t>0 and {P t } t>0 represent the classical heat and Poisson semigroup, respectively. T t represents now to W t and P t , for every t > 0. The (vertical) Littlewood-Paley function g q,Tt , 1 < q < ∞, associated with {T t } t>0 is defined by
It is well known that, there exists C > 0 such that, for every 1
Since, for every t > 0 and 1 < p < ∞, T t is a positive bounded operator from L p (R n ) into itself, the tensor extension T t ⊗I B is bounded from L p (R n , B) into itself and T t ⊗I B L p (R n ,B)→L p (R n ,B) = T t L p (R n )→L p (R n ) . Thus, the family {T t } t>0 can be also seen as a bounded semigroup of operators in L p (R n , B), 1 < p < ∞. For every f ∈ L p (R n , B), 1 < p < ∞, and 1 < q < ∞, we define
It is well known (see [19] ) that, for some 1 < p < ∞,
if and only if B is isomorphic to a Hilbert space. Then, it is an interesting question to characterize, for instance in a geometric way, those Banach space B for which one of the two inequalities in (1.2) holds. By taking as a starting point the Pisier's characterizations of uniformly convex and smooth Banach spaces by martingale square functions, Xu ([38] ) obtained a version of the Pisier's results by using Littlewood-Paley functions g q,Pt;B associated with the Poisson semigroup {P t } t>0 . Actually Xu ([38] ) considered Poisson semigroup in the unit disc but the corresponding results hold for {P t } t>0 (see also [22] ).
Theorem 1.1 ([38]
). Let B be a Banach space and 1 < p < ∞.
(a) Assume that 2 ≤ q < ∞. Then, there exists C > 0 such that
if and only if, there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex. (b) Assume that 1 < q ≤ 2. Then, there exists C > 0 such that
if and only if, there exists a norm · in B that is equivalent to · and such that (B, · ) is q-uniformly smooth.
Note that Theorem 1.1 has the same flavour than [28, Theorem 4 .51 and 4.52]. Theorem 1.1 was extended to subordinated Poisson symmetric diffusion semigroup by Martínez, Torrea and Xu ([22] ).
Let (Ω, A, µ) be a σ-finite measure space. A uniparametric family {T t } t>0 of linear mappings from L p (Ω) into itself, for every 1 ≤ p ≤ ∞, is a symmetric diffusion semigroup in the Stein's sense when the following properties are satisfied (i) T t is a contraction on L p (Ω), for every 1 ≤ p ≤ ∞ and t > 0; (ii) T t+s = T t T s , on L p (Ω), for every 1 ≤ p ≤ ∞ and t, s > 0; (iii) lim
(iv) T t is selfadjoint in L 2 (Ω); (v) T t is positive preserving, that is, T t f ≥ 0 when f ≥ 0, for every t > 0; (vi) T t is markovian, that is, T t 1 = 1, for every t > 0. Property (v) allows us to extend T t to L p (Ω) ⊗ B and then to L p (Ω, B) as a bounded operator from L p (Ω, B) into itself, for every 1 ≤ p < ∞ and t > 0. Thus, {T t } t>0 is a semigroup of contractions in L p (Ω, B), for every 1 ≤ p < ∞. The Poisson subordinated semigroup {P t } t>0 to {T t } t>0 is defined as follows: for every t > 0,
Thus, {P t } t>0 is also a symmetric diffusion semigroup. For every 1 < q < ∞, the Littlewood-Paley functions g q,Tt;B and g q,Pt;B for a symmetric diffusion semigroup {T t } t>0 and its Poisson subordinated semigroup is defined as in (1.1) We denote by F the subspace of L 2 (Ω) that consists of all the fixed points of {T t } t>0 , i.e., of all those f ∈ L 2 (Ω) such that T t f = f , for every t > 0. Note that F coincides with the subspace of L 2 (Ω) constituted by all those f ∈ D(A), where A is the infinitesimal generator of {T t } t>0 and
It is a classical fact that F can be extended to a contractive projection (that we will continue denoting by
. The following extension of Theorem 1.1 was established by [22] .
Theorem 1.2 ([22]
). Let B be a Banach space and 1 < p < ∞. Suppose that {P t } t>0 is a Poisson subordinated semigroup to a symmetric diffusion semigroup.
(a) If 2 ≤ q < ∞ and there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex, then there exists C > 0 such that
(b) If 1 < q ≤ 2 and there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly smooth, then there exists C > 0 such that
When (1.3) (respectively, (1.4)) is satisfied is usually said that B has Lusin cotype (respectively, type) q with respect to the semigroup {P t } t>0 .
In order to prove Theorem 1.2 in [22] a result due to Rota [32, Chapter 4] is used where the markovian property (vi) above is needed. However, Theorems 1.1 and 1.2 can be established by using Poisson semigroups associated with Bessel operators ( [8] ) and Laguerre operators ( [7] ) that are not Markovian.
In order to prove the results in the Bessel and Laguerre setting an argument that take advantage of the fact that Bessel and Laguerre operators are nice perturbations of the Laplace operator is used. This fact allows us to establish some tricky estimates for the difference of the LittlewoodPaley functions defined for the Laguerre and Bessel Poisson semigroups and the classical Poisson semigroups close to the diagonal, in the so called local region.
Torrea and Zhang ( [36] ) extended the results in [22] by using Littlewood-Paley functions involving fractional derivatives.
Let
provided that the last integral exists. The fractional derivative is usually named Weyl derivative.
Suppose that {T t } t>0 is a symmetric diffusion semigroup in (Ω, A, µ). Then, for every α > 0, f ∈ L p (Ω), 1 ≤ p < ∞, and t > 0, we have that
, and we define
for every α, t > 0. For every α > 0 and 1 < q < ∞, the fractional Littlewood-Paley function g α q,Tt;B associated with {T t } t>0 is defined by Suppose that {P t } t>0 is a Poisson subordinated semigroup to a symmetric diffusion semigroup.
(c) If 2 ≤ q < ∞ and (1.6) holds when {P t } t>0 is the classical Poisson semigroup in R n , then there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex. (d) If 1 < q ≤ 2 and (1.7) holds when {P t } t>0 is the classical Poisson semigroup in R n , then there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly smooth.
If α > 0 and 1 < q < ∞, the area integral A α q,Tt;B associated with the symmetric diffusion semigroup {T t } t on R n is defined by In [22, p. 474 ] the following problem is posed. Is (a) and (b) in Theorem 1.2 true when Poisson subordinated semigroups are replaced for any symmetric diffusion semigroup ?. Recently, Hytonen and Naor ( [18] ) proved that the answer is affirmative for the classical heat semigroup in R n and for p = q. After this, the problem was solved in [39] establishing the following result. Theorem 1.4. ([39, Theorem 2]) Let B be a Banach space, k ∈ N, k ≥ 1, and 1 < p < ∞. Suppose that {T t } t>0 is a symmetric diffusion semigroup.
(b) If 1 < q ≤ 2 and there exists a norm ||| · ||| on B that is equivalent to · and such that (B, · ) is q-uniformly smooth, then there exists C > 0 such that
It is remarkable that the constants C in Theorems 1.2 and 1.4 do not depend on the semigroups. They only depend on k, p, q and the geometric constants of B. This fact allows to obtain dimension free L p -estimates for Littlewood-Paley functions associated with semigroups in R n . Our objective in this paper is to complete the study in [38] in some directions. Our first results are concerned with uniformly convex Banach spaces. Theorem 1.5. Let B be a Banach space, 2 ≤ q < ∞, 1 < p < ∞ and α > 0.
(a) If there exists a norm · on B that is equivalent to · and such that (B, · ) is quniformly convex and {T t } t>0 is a symmetric diffusion semigroup, then there exists
then there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex. Theorem 1.6. Let B be a Banach space, 2 ≤ q < ∞, 1 < p < ∞ and α > 0. The following assertions are equivalent. (a) There exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex. (b) There exists C > 0 such that
We now establish two results related to uniformly smooth Banach spaces. Theorem 1.7. Let B be a Banach space, 1 < q ≤ 2, 1 < p < ∞ and α > 0.
(a) If there exists a norm · on B that is equivalent to · and such that (B, · ) is quniformly smooth and {T t } t>0 is a symmetric diffusion semigroup, then there exists
then there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly smooth.
Theorem 1.8. Let B be a Banach space, 1 < q ≤ 2, 1 < p < ∞ and α > 0. The following assertions are equivalent.
(a) There exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly smooth.
Markovian property (property (vi)) is needed in the proof of the results in [38] (Theorem 1.4). We now establish characterization of uniformly convex and smooth Banach spaces via LittlewoodPaley functions and area integrals associated to heat semigroups defined by Hermite and Laguerre operators. It is remarkable that these semigroups do not satisfy the markovian property and the results in [38] does not apply.
The Hermite operator (also called harmonic oscillator) in R n is defined by
where ∆ denotes the Laplace operator. For every k = (k 1 , . . . , k n ) ∈ N n we define
where, for every l ∈ N, H l represents the l-th Hermite function defined by
being p l the l-th Hermite polynomial ( [35] ). It is well-known that {h k } k∈N n is a complete orthonormal system in L 2 (R n ). Also, we have that
We consider the operator H defined by 
Here, for every t > 0,
We can write, for every t > 0 and f ∈ L 2 (R n ),
where, for every x, y ∈ R n and t > 0,
1 + e −2t .
Integral representation (1.8) allows to define a semigroup of contractions {W
According to [33, Proposition 3 .3], we have that
Hence {W H t } t>0 does not satisfy the markovian property. Littlewood-Paley functions and area integrals in the Hermite setting were studied in [34] and [9] , respectively.
We establish the following characterization of uniformly convex and smooth Banach spaces via Littlewood-Paley functions and area integrals associated with the Hermite heat semigroup. Theorem 1.9. Let B be a Banach space, 2 ≤ q < ∞, 1 < p < ∞, and α > 0. The following assertions are equivalent.
(a) There exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex. (b) There exists C > 0 such that
(c) There exists C > 0 such that
Theorem 1.10. Let B be a Banach space, 1 < q ≤ 2, 1 < p < ∞, and α > 0. The following assertions are equivalent.
.
By L β we denote the Laguerre operator on (0, ∞)
and L β k in the k-th polynomial of type β ([35, p. 100]). The system {ϕ β k } k∈N is complete and orthonormal in L 2 (0, ∞). We define, for every k ∈ N,
We consider the operator L β defined by
, the space of smooth functions with compact support in (0, ∞). The operator L β generates the semigroup {W L β t } t>0 of operators, being for every t > 0,
We can write, for every t > 0,
where, for every t, x, y ∈ (0, ∞),
1 − e −2t , and I β denotes the modified Bessel function of the first kind and order β.
Integral representation (1.9) also defines a semigroup of operators {W [23] ). Littlewood-Paley functions and area integrals in L β -setting were studied by [37] and [9] , respectively.
We establish the following results connecting uniformly convex and smooth Banach spaces with Littlewood-Paley and area integrals associated to heat semigroups defined for Laguerre operators. Theorem 1.11. Let B be a Banach space, 2 ≤ q < ∞, 1 < p < ∞, α > 0 and β > −1/2. The following assertions are equivalent.
(a) There exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex.
Theorem 1.12. Let B be a Banach space, 1 < q ≤ 2, 1 < p < ∞, α > 0 and β > −1/2. The following assertions are equivalent.
We remark that from our results by taking q = 2 we can deduce new characterizations of Hilbert spaces.
In the remaining of this paper we present proofs of Theorems 1.5-1.12. In our proofs Calderón-Zygmund theory for Banach-valued singular integrals plays a key role (see [30] ). Throughout this paper by C and c we always denote positive constants that can change in each occurrence.
Results concerning symmetric diffusion semigroups
Let (Ω, µ) be a σ-finite measure space and let B be a Banach space. For every 1 ≤ p ≤ ∞, we denote by L p (Ω, B) the p-th Böchner-Lebesgue space. It is well known that if 1 ≤ p ≤ ∞ and T is a positive bounded operator from
provided that the last integral exists. The fractional derivative is usually named Weyl derivative. Suppose that {T t } t>0 is a symmetric diffusion semigroup in (Ω, A, µ). According to [32 
We define, for every 1
Assume that the Banach space B is of martingale cotype q where 2 ≤ q < ∞. According to [39, p. 5] (also see [26 
. We also define, for every 1 < p < ∞ and f ∈ L p (Ω, B),
Here, · denotes the norm in B.
By proceeding as in [36, Proposition 3.1] we can see that if 0 < α < β then
for every 1 < r < ∞ and 1 ≤ p < ∞. From (2.1) and Theorem 1.4, (a), we deduce immediately the following property.
Corollary 2.1. Let B be a Banach space and α > 0. If B is of martingale cotype q with 2 ≤ q < ∞ and {T t } t>0 is a symmetric diffusion semigroup, then
Here C is a positive constant depending on p, q, α and the martingale cotype q of B.
In order to prove a converse of Corollary 2.1 we consider the classical heat semigroup {W t } t>0 defined by
,
t n/2 , z ∈ R n and t > 0.
Then, there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex.
Proof. In this proof we combine some ideas developed in [36, Sections 2 and 3] . By proceeding as in [36, Theorem 2.3] we can see that, if γ, β > 0,
that represents the space of smooth functions with compact support in R n . Let β > 0. We consider the function F defined by
and t > 0.
We are going to see that F (x) ∈ H N , for every x ∈ R n , and that the function F is H N -strongly measurable in R n . Actually we will prove that F is a continuous function from
Then,
is a sequence of real numbers and that
−n/2 , k ∈ N and t > 0, the dominated convergence theorem leads to
Hence F is continuous from R n into H N . It is clear that
We consider the operator
where
We define the function G as follows
. By proceeding as above we can see that G ∈ L 1 (R n , H N ). Also, we have that
where the first integral is understood in the
By using well known properties of the Böchner integral we deduce that
According to Hahn-Banach theorem we get (2.4). Above estimates allows us to differentiate under the integral sign to obtain
Thus we have proved that, for every
By using partial integration we can write
. . , n and t > 1 N . By proceeding as above we can prove that
where C > 0 does not depend on N .
By using Calderón-Zygmund theorem for vector valued singular integrals we conclude that, for every r ∈ (1, ∞),
and by denoting the extended operator also by T β we have that
where C > 0 does not depend on N . Let 1 < r < ∞. We have that
Since C does not depend on N by making N → ∞ we get
. By using Fatou Lemma and (2.7) we obtain
The arguments we have developed above by replacing
, allows us to prove that, for every 1 < r < ∞, there exists C > 0 such that
Our next objective is to see that, for every k ∈ N and 1 < r < ∞, there exists C > 0 such that
In order to prove it we use an inductive argument. We have just to see that this property is true when k = 1. Assume that for a certain k ∈ N, g kα q,Wt;B defines a sublinear operator from L r (R n , B) into L r (R n ) for every (equivalently, for some) 1 < r < ∞. In particular we have that the operator
By using (2.9) with r = q we get
Hence, the operator
We now justify (2.10) and (2.11). We choose l ∈ N such that l − 1 ≤ kα < l. It follows that
and s, t > 0.
We can write
≤ C f L q (R n ,B) t −kα−n/2q , x ∈ R n and s, t > 0.
We obtain
Then (2.10) is established.
On the other hand, we have that 
By using Calderón-Zygmund theory for vector valued integrals as above we obtain that, for every 1 < r < ∞, g
We now choose k ∈ N such that kα ≥ 1. By writing the heat semigroup instead of the Poisson semigroup, the argument in [36, Proposition 3.1] allows us to prove that
, for every 1 < r < ∞. By using subordination formula, the Poisson semigroup {P t } t>0 can be written
dv, x ∈ R n and t > 0.
Minkowski inequality leads to
Hence, for every 1 < r < ∞ there exists C > 0 such that
, by proceeding as above we obtain that, for every 1 < r < ∞,
According to [22, Theorem 5 .2] we conclude that there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex.
We define the (α, q)-area integrals associated with the Poisson and the heat semigroups as follows:
(a) There exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex. (b) For every (equivalently, for some) p ∈ (1, ∞) and α > 0 there exists C > 0 such that
The same result can be proved by replacing the Poisson semigroup by the heat semigroup.
Theorem 2.4. Let B be a Banach space and 2 ≤ q < ∞. The following statements are equivalent: (a) There exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly convex. (b) For every (equivalently, for some) p ∈ (1, ∞) and α > 0 there exists C > 0 such that
where c n denotes the Lebesgue measure of the unit ball in R n .
According to Corollary 2.1 we obtain
Note that by proceeding as in the proof of [3, Proposition 2.1 (a)] we can see that
provided that 2 ≤ r < ∞.
According to (2.3) we get
is a sequence in R n such that x k → x, as k → ∞, the dominated convergence theorem allows us to see that
Hence, F is a strongly measurable function from
Let f ∈ C ∞ c (R n ) ⊗ B and x ∈ R n . We define the function G as follows
where the first integral is understood as H N -Böchner integral. As in (2.5) we have that
and s > 0.
where, for every z ∈ R n , [K(z)](y, t) = (s α ∂ α s W s (y + z)) |s=t 2 , y ∈ R n and t > 0, and the integral is understood in H N -Böchner sense. Let m ∈ N such that m − 1 ≤ α < m. By arguing as in (2.6) we get
Here C > 0 does not depend on N . We define, for every i = 1, . . . , n, and
and t > 0. By proceeding as above we obtain, for every i = 1, . . . , n,
where C > 0 does not depend on N . Then, Calderón-Zygmund theorem for Banach-valued singular integrals leads to T α can be extended, for every 1 H N ) . Moreover, for every 1 < p < ∞ there exists C > 0 that is not depending on N such that
. As in (2.8) we can see that
. By using now Fatou lemma we obtain HN ) . (R n ,B) . Thus, the proof of (a) ⇒ (b) is complete.
By taking N → ∞, we conclude that
(b) ⇒ (a). Suppose that 1 < p < ∞ and α > 0 and that
for certain C > 0. By using Calderón-Zygmund theorem for Banach-valued singular integrals as in the first part of this proof, we deduce that, for every r ∈ (1, ∞), there exists C > 0 for which
where c n denotes the Lebesgue measure of the unit ball in R n According to Theorem 2.2, there exists a norm · on B defining the original topology of B and such that (B, · ) is q-uniformly convex.
The following result was established by [39, Theorem 2 (ii)].
Theorem 2.5. [39, Theorem 2 (ii)] Let B be a Banach space and let k be a positive integer. Suppose that there exists a norm · on B, that is equivalent to · and such that (B, · ) is q-uniformly smooth, where 1 < q ≤ 2. If {T t } t>0 is a symmetric diffusion semigroup, then
Here C is a positive constant depending on p, q, k and the martingale type q constant of B.
This result can be extended to g-functions involving fractional derivatives. Theorem 2.6. Let B be a Banach space and let α be a positive real number. Suppose that there exists a norm · on B, that is equivalent to · and such that (B, · ) is q-uniformly smooth, where
Here C is a positive constant depending on p, q, α and the martingale type q constant of B.
Proof. According to (2.1) and Theorem 2.5 we have that
for every f ∈ L p (Ω, B) with 1 < p < ∞, provided that α ≥ 1. Suppose that α ∈ (0, 1) and p ∈ (1, ∞). We have that, for every f ∈ L p (Ω, B),
Let f ∈ L 2 (Ω). Spectral calculus leads to (see [39, p. 4] )
where E A denotes the spectral measure for the infinitesimal generator A of the semigroup {T t } t>0 . Let g ∈ L 2 (Ω). We have that
We consider the complex measure ν defined by
for every Borel measurable set B. We can write
and
We get
From the arbitrariness of g it follows that
. Then, we can write
We have that
We denote by , B,B * the duality bracket between B and the dual
Hölder inequality leads to
. 
Here by
The arbitrariness of g allows us to conclude that
We now prove a converse of Theorem 2.6 by using the classical heat semigroup {W t } t>0 on R n . In this case, the projection F is the null operator.
Theorem 2.7. Let B be a Banach space, 1 < q ≤ 2, 1 < p < ∞ and α > 0. Suppose that there exists C > 0 such that
Then, there exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly smooth.
where m − 1 ≤ α < m and m ∈ N. Then,
, t > 0 and x, y ∈ R n , (2.12) and
We consider the operator S α defined by
By using our hypothesis we deduce that
By proceeding as above we can see that
Also, since
we can write
By using the semigroup property we obtain
We consider the operator T α defined as follows
B).
Note that the mixed Böchner-Lebesgue space
). We are going to see that T α defines a bounded operator from
Hölder's inequality leads to
for every x ∈ R n and s ∈ (0, ∞).
By choosing m ∈ N such that m − 1 ≤ α < m, we have that
for every x, y ∈ R n and s, t ∈ (0, ∞).Then,
(1 + t) 2α dt < ∞, x ∈ R n and s ∈ (0, ∞).
. Let x, y ∈ R n , x = y. We define the operator K α (x, y) by
, s ∈ (0, ∞).
As above we get
Then, 
where ∇ z is understood with respect to the third variable, and
By proceeding as above we get
Then, if |x − x 0 | > 2|x 0 − y|, by using Minkowski integral inequality we obtain
Calderón-Zygmund theorem for Banach valued singular integrals ( [30] ) allows us to prove that the operator
) into itself, for every 1 < r < ∞. By (2.13) we have that
The arbitrariness of ε allows us to obtain
* is of martingale cotype q ′ . Then, B is of martingale type q (see [25, Lemma 3.2] ). Thus the proof is complete.
Remark 2.8. Note that according to (2.1) it is sufficient to prove Theorem 2.7 when α ∈ N, α ≥ 1.
We now characterize smoothness property for a Banach space by using area integrals. In [36] the following result was established. (i) There exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly smooth. (ii) There exists C > 0 such that
We now establish a heat version of Theorem 2.9.
Theorem 2.10. Let B be a Banach space, 1 < q ≤ 2, 1 < p < ∞, and α > 0. The following assertions are equivalents: (a) There exists a norm · on B that is equivalent to · and such that (B, · ) is q-uniformly smooth.
Proof. (a) ⇒ (b). Suppose that there exists a norm · on B that defines the original topology of B and such that (B, · ) is q-uniformly smooth. By proceeding as in the proof of [3, Proposition 2.1, (a)] we can prove that
provided that p ≤ q. Then, according to Theorem 2.6 we deduce that
andh(y) =ĥ(−y), y ∈ R n . We choose m ∈ N such that m − 1 ≤ α < m. Sincef ∈ S(R n ) (the Schwartz class)
and we have that
Also, we get
and we can write
2 t |y| 2αf (x), x ∈ R n and t > 0.
Plancherel equality leads to
Note that all the above integrals are absolutely convergent.
An averaging trick appearing in [13, p. 316] leads to
where χ B(0,1) denotes the characteristic function of the unit ball in R n and c n means the Lebesgue measure of B(0, 1).
By Hölder's inequality we get
Since B * is of q ′ -cotype of martingale ([25, Lemma 3.2]) Theorem 2.4 implies that
We conclude that 
Then, by Theorem 2.7, (a) is proved. In other cases we need to work harder. We are going to prove that B * is of q ′ -martingale cotype. When we show this property, by using again [25, Lemma 3.2] we will prove that (a) holds.
Let 
The ideas in the sequel are the same as in the proof of Theorem 2.7 but now the manipulation are more involved. By (2.12) we have that
We define
According to (b) we have that
x, y, x 1 , y 1 ∈ R n and t, t 1 ∈ (0, ∞). We define the operator T α by
; B)).
). We have that
We take m ∈ N such that m − 1 ≤ α < m. According to (2.14) we get
Then, we obtain
By proceeding as above, distinguising the cases |x − x 1 | ≥ 2(s + t 1 ) and |x − x 1 | ≤ 2(s + t 1 ), we get
and then,
) the space of bounded and linear operators from L q (Γ(0), dx dt t n+1 ; B) into itself. By (2.17) we have that
We now can prove as above that, for every i = 1, . . . , n,
and we deduce that
Suposse that x / ∈ sup(G) and H ∈ C ∞ c (Γ(0)) ⊗ B * . By using (2.17) we get
By using Calderón-Zygmund theorem for Banach valued singular integrals ( [30] ) we deduce that the operator
; B)) as a bounded operator from
; B)) into itself, for every 1 < r < ∞.
From (2.16) it follows that
The arbitrariness of ε leads to We now obtain characterization of martingale cotype and martingale type Banach spaces by using g-functions and area integrals defined by the heat semigroup associated with the Hermite operator (Theorems 1.9 and 1.10). We recall that the semigroup {W H t } t>0 is not Markovian. Theorem 3.1. Let B be a Banach space, 2 ≤ q < ∞, 1 < p < ∞, and α > 0. The following assertions are equivalent.
(a) There exists a norm · on B that is equivalent to · and such that (B; · ) is q-uniformly convex. (b) There exists C > 0 such that
Proof. Our first objective is to prove that the property (b) is equivalent to the following one (b') There exists C > 0 such that
where, for every x, y ∈ R n and t > 0, W H t (x, y) can be written
1 − e −2t + |x + y| 2 1 − e −2t
For every t > 0, W H t is a positive operator. Then, for every t > 0 and 1
satisfying the same L p -boundedness properties than the corresponding scalar operator.
In the sequel we will use that, for every k ∈ N,
, x, y ∈ R n and t > 0.
(See [14, Lemma 2.5] for a proof of this property in a general situation). Let N ∈ N. We consider the space
We now proceed as in the proof of the Theorem 2.2. We can see that, for every x ∈ R n , the function
We have that, for every
t , B -Böchner sense. According to (3.1) and by taking m ∈ N such that m − 1 ≤ α < m, we get
The constant C > 0 in (3.3) and (3.4) does not depend on N ∈ N. Calderón-Zygmund theorem for Banach-valued singular integrals implies that, for every, 1 < r < ∞,
where C is independent of N . Fatou lemma leads to
, f ∈ L r (R n , B), and 1 < r < ∞.
We are going to see that, for every k ∈ N and 1 < r < ∞, there exists C > 0 such that
We use an inductive procedure. (3.5) says us that (3.6) holds for k = 1. Suppose that, for a certain
defines a bounded operator from L r (R n , B) into L r (R n ) for every (equivalently, for some r ∈ N). We define the operator T as follows: for every f ∈ L q (R n , B),
By taking in account (3.1) and by proceeding as in the proof of Theorem 2.4 we can see that, for
s (x + y, z)) |s=t 2 , x, z, y ∈ R n and t > 0. Here the integral is understood in the H N -Böchner sense. Also, we have that
and, for i = 1, . . . , n
where C > 0 does not depend on N . We are going to see our result.
(a) =⇒ (b) . Suppose that (a) holds. According to Theorem 3.1 there exists C > 0 such that
Hence, for every N ∈ N,
where C is independent of N . By using now Calderón-Zygmund theorem for Banach-valued singular integrals and tacking limits as N → ∞, we conclude that there exists C > 0 such that 
where C > 0 is not depending on N . By using again Calderón-Zygmund theorem for Banach valued singular integrals we deduce that, for every N ∈ N,
where C > 0 is independent of N . By tacking limit as N → ∞ we get
According to Theorem 3.1 we deduce that (a) holds.
For the heat semigroup {W H t } t>0 defined by the Hermite operator the subspace F of fixed points in L p (R n ), 1 < p < ∞, reduces to {0}. 
Results involving heat semigroup for Laguerre operators.
In this section we prove characterizations for uniformly convex and smooth Banach spaces by using g-functions and area integrals involving heat semigroups for Laguerre operators (Theorems 1.11 and 1.12). Let β > − 1 2 . By L β we denote the Laguerre operator. We recall that the semigroup W L β t t>0
is not Markovian Theorem 4.1. Let B be a Banach space, 2 ≤ q < ∞, 1 < p < ∞, β > − Proof. According to [20, p. 123] , for every k ∈ N, By using (4.2) and proceeding as in the proof of Theorem 3.1 we can see that the property (b) is equivalent than the following one: (b ′ ) There exists C > 0 such that 
Then, it is clear that (f )
In order to prove (b ′ ) we follow the ideas [5, §4] . ≤ C 1 y 1 + y |x − y| , 0 < x 2 < y < 2x.
We define the operator N (g)(x) = 2x x 2 1 y 1 + y |x − y| g(y)dy, x ∈ (0, ∞).
We have that 1 + 1 |1 − u| du < ∞, x ∈ (0, ∞).
Jensen inequality leads to
It follows that ∞) ,B) . We conclude that Proof. This theorem can be proved by taking into account (4.2) and by using Calderón-Zygmund theorem for Banach valued singular integrals. We can proceed following the procedure developed in the proof of Theorem 2.4 and Theorem 3.2 by applying Theorem 4.1
The subspace of fixed points for the semigroup {W L β t } t>0 in L p (0, ∞), 1 < p < ∞, reduces to {0}. , f ∈ L p (0, ∞) ⊗ B.
Proof. This result can be proved by using (4.2) following the lines in the proof of Theorem 2.6. , f ∈ L p (0, ∞) ⊗ B.
